ABSTRACT Optics chaos has been widely studied and its various applications have also been demonstrated in recent years. To improve the performance of chaos-based applications, several properties of the chaotic signals should be evaluated and enhanced accordingly. In this paper, we consider a chaotic system consisting of three cascade-coupled semiconductor ring lasers (SRLs), where the master SRL is subjected to conventional (parallel) optical feedback, while its output is injected to the intermediate SRL and further to the slave SRL. We focus on the time-delay signature (TDS) and bandwidth of the generated chaos and demonstrate the possibility of the simultaneous realization of TDS elimination and bandwidth enhancement in the parameter space of the injection strength against the frequency detuning. In addition, a proof-ofconcept test of randomness is carried out, and it demonstrates that the chaotic properties could be greatly enhanced by the proposed cascade-coupling scheme compared with a single SRL with feedback and thus is suitable for use in high-speed random number generation.
I. INTRODUCTION
Laser chaos has attracted widespread attention since its potential applications to chaos-based communications [1] - [5] , ultrafast random generation (RNG) [6] - [9] , compressive sensing [10] , neuro-inspired signal processing [11] - [13] and chaotic radar/LIDAR [14] . Conventional semiconductor lasers usually yield simple, continuous wave when isolated from any kind of perturbations. On the contrary, they are destabilized by either feedback or injection forcing and rich dynamics can be expected in these laser systems in the presence of additional degrees of freedom [15] - [20] . Among these, a semiconductor laser subjected to optical feedback has been widely employed for chaos generation due to its simplicity and ease of implementation. However, the resulting chaos exhibits strong correlation at the location of the time lag corresponding to the feedback length, which has been termed time-delay signature (TDS) in the literature. Such autocorrelation properties could be easily extracted and haven been investigated in many published papers [21] - [25] . It is believed that TDS degrades the performance of chaos-based applications, for example, TDS leakage not only is a serious threat to the security of secure communications [24] , but also hinders the pass of randomness tests in RNG [6] .
The suppression of the unwanted TDS is the critical challenge that is being faced in the field of chaos-based applications where the chaotic source is generated by an external-cavity semiconductor laser (ECSL). In recent years, various schemes have been proposed to weaken or even eliminate TDS [25] - [35] . For example, the TDS can be greatly suppressed by incorporating multiple feedback loops into the laser system, considering complex feedback schemes, or receiving feedback from another active device (e.g., another laser) [25] - [28] . However, in these cases, the bandwidth is limited to the range of several GHz, which cannot meet the requirement of the modern applications.
On the contrary, it has been found that an optical injection scheme allows the simultaneous achievement of TDS suppression and bandwidth enhancement, which makes it a tempting option. This can be realized in the conventional semiconductor lasers as well as in other novel laser architectures, e.g., vertical-cavity surfaceemitting semiconductor lasers (VCSELs) [29] - [33] . However, the parameter region for simultaneously achieving these goals is very narrow, which is not suitable for practical applications. Later on, researchers have proposed a three cascade-coupled laser configuration, which enhances the chaotic dynamics in much wider regions of the injection strength against the frequency detuning [34]- [38] . Especially, high quality RNG whose maximum generation rate reaches 1.2 Tb/s has been realized using three-cascaded semiconductor lasers, which benefits from the TDS elimination and bandwidth enhancement [38] . Very recently, some modified injection schemes for TDS suppression have also been proposed, where the injected medium is not limited to a laser [39] - [42] . The generation of broadband chaos with perfect TDS suppression becomes possible in these schemes. Moreover, it is worth noting that chaos TDS can also be cancelled by using advanced detection techniques including optical and electrical heterodyne [43] , [44] . Despite the large amount of publications in this topic, it is still of interest to generate broadband chaos with no obvious TDS in alternative systems due to its potential use in secure communications and RNG.
Unlike any lasers mentioned above, a semiconductor ring laser (SRL) supports clockwise (CW) and counter clockwise (CCW) propagation modes in a cavity with a circular geometry [45] - [51] . Both modes can be readily destabilized by the feedback, thereby enabling a large variety of complex dynamics including chaos. Secure communications and RNG have also been demonstrated by use of chaos generated by SRLs with feedback [46] - [50] . Of course, TDS exists in the chaos generated by SRLs, which compromises the performance of these applications, but it can be easily mitigated by appropriately choosing the laser and external parameters. However, the bandwidth is extremely low. Optical injection has also been suggested to improve the chaotic dynamics generated by SRLs, where two different feedback schemes are compared. Nevertheless, the TDS and bandwidth can only be optimized in narrow injection parameter regions, similar to conventional semiconductor lasers. It is expected from the previous research that a cascade-coupling scheme is a costeffective solution to this problem, but the corresponding study is still missing for these novel SRLs.
In this paper, we study the TDS and bandwidth in three cascade-coupled SRLs, where a master SRL contains optical feedback, the intermediate SRL receives optical injection from the master, and the slave SRL receives optical injection from the intermediate one. The TDS is evaluated by a simple but efficient autocorrelation function (ACF), while the bandwidth is defined as the value for which the range between the DC and the frequency contains 80% of the spectral power. In particular, two different scenarios for TDS concealment and bandwidth are compared and presented in the current study. It is interesting to find simultaneous realization of TDS elimination and bandwidth enhancement over wide regions of the injection strength and the frequency detuning. We further testify the enhanced randomness in the proposed system by carrying out a standard RNG test, thereby confirming its superiority with respect to a single SRL with feedback.
The remaining of the paper is organized as follows. In Section II, the model of three cascade-coupled SRLs and the corresponding rate equations are introduced in details. Section III is devoted to our main numerical results where TDS and bandwidth are studied in wide injection parameter regions. Finally, a basic conclusion is drawn in Section IV.
II. THEORETICAL MODEL A. RATE EQUATION MODELS
The architecture of three-cascaded SRLs is shown in Fig.1 .
It consists of three SRLs, including a master SRL (MSRL), intermediate SRL (ISRL), and slave SRL (SSRL)
. MSRL is subjected to optical feedback represented by the fiber reflector (FR) in Fig.1 , which results in rich nonlinear dynamics in the current system, whereas the other SRLs are subjected unidirectional, optical injection from the adjacent SRL, i.e., from MSRL to ISRL and from ISRL to SSRL. The control parameters are the feedback parameters, the bias current, and the injection parameters. We will mainly focus on the influence of the injection parameters including the injection strength and frequency detuning on the performance of the TDS suppression and bandwidth variation. Note that the injection strength can be easily adjusted by the variable attenuators (VAs) shown in Fig. 1 , while the frequency detuning is readily tuned by the temperature controller of each laser, which is not depicted in the figure for the sake of simplicity. The rate equations for the proposed three-cascaded SRLs are written as [49] 
where E(t) is the electric field and N(t) is the carrier density. The subscripts M , I , and S stand for MSRL, ISRL, and SSRL, respectively. The last term in Eq. (1) denotes the optical feedback for MSRL, while the last term in Eqs. (2) and (3) stands for the optical injection from the previous laser, i.e., from MSRL to ISRL and from ISRL to SSRL, respectively. In feedback term, η is the feedback strength, τ f is the feedback delay time and, θ is the constant feedback phase. In the injection term, k inj1 and k inj2 are the injection strength, τ inj1 and τ inj2 represent the injection delay time. As the difference between these lasers is unavoidable in practical situations, we consider the frequency mismatch where, f 1 and f 2 are the linear frequency detuning between MSRL and ISRL, and between ISRL and SSRL, respectively, with ω1 and ω2 being the corresponding angular frequency of MSRL and ISRL. The internal parameters of the three lasers are listed in Table 1 , where the definition and value are given. As mentioned above, we are going to study the chaotic properties of the output generated by a system comprised of three cascade-coupled SRLs. In particular, TDS and bandwidth are two important properties which greatly affect the performance of chaos-based applications, so these will be explored together, aiming at being optimized simultaneously. The commonly used TDS quantifier and effective bandwidth are given below. 
B. TDS QUANTIFIER
TDS is an indicator of the correlation between the time series and its delayed replica at a specific time delay, and can be easily extracted by standard statistical measures, such as, autocorrelation function (ACF) [22] - [25] , delayed mutual information (DMI) [23] and permutation entropy (PE) [28] , [31] . In the literature, people tended to use two or more of these techniques to show consistent results among them. However, we choose to adopt most common one, ACF, for a TDS measure due to its simplicity and high efficiency. For time series x(t), ACF is defined as
where s is the time shift, < · > means the average, and the delayed replica of the original time series has the form of xs(t) = x(t − s).
C. BANDWIDTH
Bandwidth of a chaotic laser system has been extensively studied in many papers due to its importance [30] , [43] , [52] - [55] . Here we adopt the definition of effective bandwidth, i.e., the bandwidth is defined as the value for which the range between the DC and the frequency contains 80% of the spectral power. For illustrative purposes, Fig. 2 shows an example of the RF spectrum of a laser operating in the fully developed chaotic state, i.e., the so-called coherence collapse.
It is worth noting that the bandwidth definition used is only appropriate for the chaotic regime, which has been discussed in [56] and will not be detailed here since it is outside the scope of this article.
III. THEORETICAL RESULTS
In this section, we present the simulation results for TDS and bandwidth of chaos generated by the three lasers. The rate equations given above were integrated by using the forthorder Runge-Kutta algorithm, where the time step was 1ps. We were interested in the chaotic regime, so the corresponding regions were identified. Several measures could be used to distinguish dynamical regions including chaos; see [57] and reference therein. However, the 0-1 test for chaos was employed to identify chaos of interest in this work due to its simplicity and accuracy [58] . Especially, '1' stands for chaotic and '0' for nonchaotic states.
A. DYNAMICAL MAPPINGS OF MSRL
The dynamic output of a SRL can be readily steered by varying the feedback parameters and the bias current, which has been numerically demonstrated in the literature. It is of importance to find chaos operation which is a basis of the following study. As, the output of MSRL serves as the input of the cascade configuration, we started by identifying the chaotic regions of MSRL in the above parameter space. Fig. 3 shows the chaotic regions characterized by the 0-1 test for chaos (red) in the plane of the feedback delay and strength. The results for CW and CCW modes are presented, which are almost the same as expected from the model. More importantly, it is interesting to find that MSRL yields chaos over wide regions of the feedback parameters. Similarly, we also studied the influence of the bias current and the injection strength, which is shown in Fig. 4 . Again, the results for both modes are included. It can be seen that chaos can be easily obtained by varying these two parameters together although slightly higher feedback strength is required for larger values of the bias current. As the 0-1 test for chaos only distinguishes chaotic and nonchaotic states, it would be interesting to present temporal traces for various nonlinear dynamics offered by MSRL.
As an example, we consider the bias current µ = 2.5 and the feedback delay τ f = 6ns, and gradually increase the feedback strength eta, which is guided by the two-dimensional colormaps shown in Figs. 3 and 4 . The resulting time traces are shown in Fig. 5 , where one can clearly observe rich dynamics including continuous-wave, period-one, higher-order periodic and, chaotic states in both CW and CCW modes. Without loss of generality, parameter values µ = 2.5, τ f = 6ns, and η = 2.5ns −1 are chosen throughout the paper such that chaos operation in MSRL is met.
In the following, we aimed to realize the TDS concealment and bandwidth enhancement in SSRL. For comparison purposes, two cases were considered: Case I for ISRL exhibiting residual TDS, and Case II for no obvious TDS in ISRL.
B. CASE I: ISRL EXHIBITS OBVIOUS TDS
It is known that the optically injected laser shows no obvious TDS only in a narrow region of injection parameters, so it is valuable to check what happens for SSRL when TDS is prominent in ISRL. In this section, the parameter values were chosen such that ISRL exhibits obvious TDS. Fig.6 shows temporal traces, spectra and ACF results, for (a) MSRL, (b) ISRL and (c) SSRL, where parameters used in simulation are f 1 = 0GHz, k inj1 = 35ns −1 , f 2 = 20GHz, and k inj2 = 65ns −1 . The time series and the corresponding RF spectra confirm chaos operation in the three lasers. It can be seen that ISRL's bandwidth is similar to that of MSRL due to the injection-locking effect, which also results in obvious TDS in SRL. By contrast, SSRL exhibits broad bandwidth and well suppressed TDS which benefits from the cascadeinjection scenario. Besides, CW and CCW display consistent features for bandwidth and ACF, which can be expected from the laser ring architecture.
We were interested to know the chaotic regions of SSRL in the (k inj2 , f 2 )-plane. To this end, the widely used 0-1 test for chaos was adopted here. Fig.7 shows the corresponding results. As can be seen, chaos operation is seen for SSRL when the injection strength exceeds a threshold value k inj2 ≈ 10ns −1 , where optical injection takes effect. This is expected since the driving signal from ISRL is chaotic.
FIGURE 6.
The timeseries (a1-c1), power spectrum (a2-c2) and ACF (a3-c3) of the MSRL (a1-a3), ISRL (b1-b3) and SSRL (c1-c3), respectively. The parameters are set as: We further studied the effects of injection parameters (k inj2 , f 2) on the TDS and bandwidth of SSRL, and the results are shown in Figs.8 and 9 , respectively. Outside the injection locking region, it is possible to cancel TDS and enhance bandwidth in SSRL at the same time, as can be seen from both figures. However, such region for achieving both goals is narrow, which confirms previous observations in cascaded-coupled systems consisting of conventional EELs [35] or VCSELs [34] . 
FIGURE 10.
The timeseries (a1-c1), power spectrum (a2-c2) and ACF (a3-c3) of the MSRL (a1-a3), ISRL (b1-b3) and SSRL (c1-c3), respectively. The parameters are set as:
C. CASE II: ISRL EXHIBITS NO OBVIOUS TDS
In fact, one can find narrow regions where ISRL has no obvious TDS as mentioned above. The injection parameters k inj1 = 35ns −1 and f 1 = 10GHzare chosen such that such requirement is met. Fig. 10 displays the corresponding results, where k inj2 = 65ns −1 and f 2 = 20GHz.It is interesting to find that TDS can be cancelled in both ISRL and SSRL, and bandwidth is enhanced simultaneously, different from the case shown in Fig. 6 .
Again, the 0-1 test for chaos was used for confirming chaos operation in SSRL and the results are shown in Fig. 11 . Similar to Case I depicted in Fig. 7 , chaotic states are guaranteed almost in the whole region, which gives us confidence that we are dealing with chaotic signals in the following study. Figure 12 shows the two-dimensional TDS maps of SSRL in the plane of injection strength k inj2 against frequency detuning f 2 . Almost in the whole region, the TDS is limited to a small value, i.e., below ∼0.1, which means that TDS is almost completely cancelled. In fact, this is expected since autocorrelation property in the driving signal from SSRL has already been well suppressed. In the same parameter space, the bandwidth was calculated for SSRL. As can be seen from Fig. 13 , bandwidth enhancement is achieved in red regions similar to Fig. 9 . This is because the bandwidth is almost determined by the frequency detuning when the difference of two lasers' frequencies is large. Combining results in Figs. 12 and 13 indicates that simultaneous TDS concealment and bandwidth enhancement is realized in the red region of Fig. 13 where bandwidth is large. In this sense, one can achieve these two goals in wider regions compared to Case I shown in Figs. 8 and 9 .
D. POTENTIAL BENEFIT OF IMPROVED CHAOTIC DYNAMICS
TDS cancellation and bandwidth enhancement are important for chaos-base applications. Therefore, we would like to carry out a proof-of-concept randomness test in order to demonstrate the importance and significance of the current work on the improvement of chaotic dynamics using the cascadedcoupling scheme.
As an example, we considered the parameters used for Fig. 6(c) and the generated chaotic signals in SSRL were used as the random entropy. A multibit extraction scheme FIGURE 14. Random bit patterns in a two-dimensional plane. Bits 1 and 0 are converted to white and black dots, respectively, and placed from left-to right-hand sides (and from top to bottom).
FIGURE 15.
Result of NIST statistical tests for physical random bits. The results have been performed using 1000 samples of 1Mbit and a significance level α = 1, for ''Success'', the P-value should be larger than 0.0001 and the proportion should be in the 0.99 ± 0.0094392 range. For the tests that produce multiple P values and proportions, the worst case is shown.
was employed for generating bit sequences and XOR-postprocessing technique was used for killing the bias. We found that 5 least significant bits per sample could be kept for concatenating bit sequences, which could pass widely used NIST suite for randomness test. Figure 14 shows the two-dimensional map of the generated random bit patterns. It can be seen clearly that white and black dots representing bits ''0'' and ''1'' distribute uniformly and irregularly for CW and CCW cases. This confirms qualitatively the high randomness for the generated bits. Then NIST suite was used to measure randomness quantitatively. The results for Proportion and P-value are presented in Fig. 15 . From this figure, one can see that both of them are limited to the required interval, i.e., the minimum proportion is above the threshold of 0.9805608 while the minimum of the calculated P-values is greater than 0.0001. This indicates that the generated bit sequences pass NIST tests with only minimum post processing.
IV. CONCLUSION
In this paper, we have numerically investigated the TDS concealment and bandwidth enhancement in threecascaded SRLs, where MSRL is subjected to optical feedback, ISRL is subjected to optical injection from MSRL, and SSRL is subjected to optical injection from ISRL. We have compared two scenarios including ISRL with or without obvious TDS and found distinct features in the two cases. We have found that the proposed scheme allows for TDS enhancement and bandwidth enhancement over wide regions of control parameters. Moreover, we have numerically demonstrated that the generated bit sequences from the enhanced chaotic dynamics could pass the standard randomness test after minimum post processing. Our study confirms that SRL's dynamics could be greatly enhanced by employing the cascade-coupling scheme and it could serve important sources for chaos-based applications.
